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Aerodynamic Con� gurations
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A computational-�uid-dynamicstool capable to simulate accurately viscous � ows around complex aerodynamic
con� gurations is described. The method combines a multiblocktechnique with a low-dissipationnumerical method
incorporated into a multigrid framework. Structured subdomains (blocks) are united in multigrid/multiblock
structures, and the blocks are treated independently at each stage of the numerical procedure, maintaining a
regular information exchange between the neighboring blocks. In the numerical procedure the convection part
of the equations is approximated by a low-order upwind-biased scheme employed for multigrid relaxation in
combination with a higher-order essentially nonoscillatory scheme used to supply a defect to the right-hand
side of the discrete equations on the � nest multigrid level in a way ensuring the overall high accuracy of the
scheme. Computational examples demonstrate the ability of the resulting method to perform accurate large-scale
computations of complex three-dimensional turbulent � ows around realistic aerodynamic con� gurations.

I. Introduction

T HIS work is motivated by the need of an industrial
computational-�uid-dynamics tool capable of providing ac-

curate solutions of the Navier–Stokes equations for complex high-
Reynolds turbulent � ows around complex industrialcon� gurations,
including complete aircraft.

An engineering environment requires geometrical � exibility (in
order to treat topologicallycomplexgeometricalcon� gurations)and
high accuracy (in order to get, for example, realistic estimates of
sensitive aerodynamiccoef� cients such as drag and moments). Ad-
ditional requirementsinclude the demand for reasonableturnaround
times and high robustness.

The preceding requirements are somewhat contradictory.Robust
numerical schemes can possess relatively low accuracy as their ro-
bustness is usually achieved by inclusion of arti� cial dissipation
into the scheme, either explicitly (as in central space discretization)
or implicitly [as in total-variation-diminishing (TVD) schemes].
Higher-order-accurate numerical schemes are usually far less ro-
bust, and their incorporation into multigrid/multiblock framework
is usually inef� cient. As a result, the practical use of high-accuracy
schemes is restricted (to the best of our knowledge) to relatively
simple, from the geometrical viewpoint, con� gurations.

In this work an attempt is made to challenge the goal of combin-
ing togethera multiblocktechnique(geometrically� exibleand well
suited for parallel computations) with a low-dissipation numerical
method incorporated into multigrid framework, thus ensuring ro-
bustness and ef� ciency of the resulting method. This work is based
on the previous publications1¡3 related to a single-block Navier–
Stokes solver, NES.

Initially the work was motivated by insuf� cient accuracy of most
existingNavier–Stokes codes.Strikingexamples for this inaccuracy
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in referenceto drag estimatesaregiven,for example,in Ref. 4 for the
transonic � ow over the well-known ONERA M-6 wing. Apparently
the reason for this inaccuracy lies in the fact that in the transonic
regime linearly stable high-order methods are often unstable and
most standard methods add arti� cial dissipation in order to ensure
the nonlinear stability. This leads to loss of accuracy as the details
of � ow near the shock (damped by arti� cial viscosity) might affect
large-scaleproperties of the � ow considerably.The examples given
in Ref. 5 for the � ow over a � at plate show that the arti� cial viscos-
ity can also destroy the viscous drag calculation in the absence of
shock.

Essentiallynonoscillatory(ENO) schemes, introducedby Harten
et al.6 and further simpli� ed by Shu and Osher,7 use the idea of an
adaptive stencil interpolation favoring regions where the solution
is smoother, and thus achieve accuracy that is of a uniformly high
order. In Ref. 1 a � nite volumenumericalmethod based on the ENO
approachwas introduced,and accurate resultswere achievedon rel-
atively coarse grids without the need for any additional dissipation.
The method was veri� ed for a variety of � ows around single-block
geometriesincludingturbulenttransonicsolutionswith wide regions
of separated � ow. The method and the appropriate computer code
did not employ any numerical parameters (coef� cients of arti� cial
viscosity or likewise), and thus, at a given numerical mesh, tuning
of the code parameters is irrelevant.

To perform large-scale computations employing millions of grid
points, it was crucial to improve the ef� ciency of the method while
still retaining its high accuracy. As explained in detail in Ref. 3, a
straightforwardimplementationof the multigridstrategyemploying
full approximation scheme (FAS)8 in conjunction with ENO dis-
cretization was not satisfactory, as even for smooth solution � elds
ENO discretization does not produce stencils for which ef� cient
smootherscanbe constructed.To overcomethis, the solverofRefs. 1
and 2 was changed to be based on a defect correction multigrid ap-
proach, where the target discretizationis different from that used in
the relaxation process of the multigrid cycle (for previous applica-
tions of this method, for example, see Refs. 9 and 10). A � rst-order-
accurate driver is employed for relaxation, and a high-order ENO
operator supplies a defect correction to the right-hand side of the
discrete equations.

The resulting single-block multigrid method3 retained the high
accuracy of the ENO method of Refs. 1 and 2 with a comparatively
small number of multigrid cycles needed to reduce the error below
the level of truncation errors, thus allowing accurate estimates of
sensitive � ow characteristicson practical mesh densities.
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The present work focuses on the transformation of the single-
blockmethod of Refs. 1–3 to a structuredmultiblockcode11 capable
of treating complex aerodynamic con� gurations ef� ciently, while
retaining the high accuracy of its single-blockpredecessor.

The multiblock method and the corresponding computer code
NES retain the numerical scheme of the single-blockmethod based
on the ENO approach and its multigrid/defect correction structure
without introducing any arti� cial numerical parameters. The data
exchange among the neighboring blocks allows the treatment of
convection terms of the Navier–Stokes equations in a “transparent”
way. This means that a division of a single block into several sub-
blocks does not change the approximationof convectionterms even
in the vicinity of an interface. For viscous terms minor changes to
the numerical approximation were allowed in order to simplify the
interface treatment in the case of a complex domain decomposition.
This leads to only insigni�cant loss of accuracy in the neighbor-
hood of block interfaces and has almost no effect on the overall
aerodynamic results.

The present multiblock version uses point-to-point matching
across the interface of neighboring blocks, but a block face might
adjoin several neighbors in order to simplify the global domain de-
composition and to reduce the total number of blocks.

The communicationoverheadcausedby thedataexchangeamong
neighboring blocks is negligible as it uses no complicated data
management such as connectivity lists. As a result, the code is
highly suitable for ef� cient parallelization on an almost “plug-in”
basis.

The results include the following benchmarks: 1) consistency
and convergence study, which includes turbulent viscous � ow over
a transonic wing case and inviscid � ow over ONERA M-6 wing;
2) grid-independence study, which is the � ow about a transport-
type body; 3) a popular ARA M100 wing-body turbulent tran-
sonic test case with both surface data and aerodynamic forces data
comparisons included over a wide range of conditions; and 4) a
transport-type fuselage drag rise vs Mach study, which was em-
ployed as a baseline calculation for a practical aerodynamic design
case. The preceding tests are compared with wind-tunnel experi-
ment and available results by other authors.

II. Mathematical Background
For the sake of completeness,a brief descriptionof the numerical

algorithm is given next. More details can be found in Refs. 1–3.

A. Equations and Choice of Approximation Scheme
The Navier–Stokes equations in Cartesian coordinates can be

written in the form

qt C divC D div.V/ (1)

where the tensor C D . f ; g; h/ represents the convection terms;
the tensor V D .r; s; t/ represents the viscous terms; the vector
q D .½; ½u; ½v; ½w; E / depends on the density ½ , the velocity vec-
tor .u; v; w/, and the energy E ; t is the time; f ; g; h are the inviscid
(convection) � uxes; and r; s; t are the viscous � uxes that depend in
a nonlinear mode on q.

The choice of discretization for the convective part of the spa-
tial operator is driven by the following requirements: 1) applica-
bility to reasonably smooth three-dimensional grids not necessar-
ily de� ned by mapping function(s), but rather by a set of vertices;
2) applicability to high-aspect-ratio grids typical of the Navier–
Stokes computations; 3) ability to “coexist” with viscous terms
without damping them as a result of arti� cial viscosity effect;
4) high accuracy on aerodynamic level including computation of
sensitive � ow characteristics such as drag; 5) use of minimal num-
ber of numerical parameters; 6) robustness; and 7) relatively low
amount of computationalwork at given accuracy.

Theoretical considerationstogetherwith extensive numerical ex-
periments showed that the ENO-based scheme � rst introduced in
Refs. 1 and 2 and incorporated in a multigrid framework by means
of the defect correction approach in Ref. 3 possesses the preceding
properties.

B. Spatial Approximation of Convection Terms
We assume that all of the block meshes are structured, consisting

of cells that form an .i; j; k/ structure for each block.
For a particular cell .i; j; k/ the following approximation is as-

sumed:

.Äi; j;kqi; j;k /t C [C ¢ .Sn/]i C 0:5; j;k ¡ [C ¢ .Sn/]i ¡ 0:5; j;k

C [C ¢ .Sn/]i; j C 0:5;k ¡ [C ¢ .Sn/]i; j ¡ 0:5;k C [C ¢ .Sn/]i; j;k C 0:5

¡ [C ¢ .Sn/]i; j;k ¡ 0:5 D [V ¢ .Sn/]i C 0:5; j;k ¡ [V ¢ .Sn/]i ¡ 0:5; j;k

C [V ¢ .Sn/]i; j C 0:5;k ¡ [V ¢ .Sn/]i; j ¡ 0:5;k C [V ¢ .Sn/]i; j;k C 0:5

¡ [V ¢ .Sn/]i; j;k ¡ 0:5 (2)

where Äi; j;k is the cell volume, qi; j;k is some mean value of q over
the cell, and S is the area of a cell side surface.Half-indices indicate
from which side of the cell the � ux (in square brackets) is taken.
Fluxes with half-indices are approximated by a one-dimensional
interpolation from the values of � uxes at nearby cell centers. That
is, � uxes with subscriptsi C 1

2
; j; k and i ¡ 1

2
; j; k are approximated

by � uxes at the cell centers with the same j and k and so on. The
approximationand consistencypropertiesare ensured,for example,
by the following choice of the interpolationoperator I :

[C ¢ .Sn/]i C 0:5; j;k D I fCl; j;k ¢ .Sn/i C 0:5; j;k g

l D i; i C 1; i ¡ 1; : : : (3)

with the direction vector frozen in the interpolant. The speci� c
choice of the (nonlinear) operator I (described in the next section)
determines the computation of convective � uxes.

C. Upwind-Biased and ENO Implementation
The ENO approximation3;7 is implemented through the choice

of an interpolation template in the right-hand side of Eq. (3), sep-
arately for each characteristic � ux. To perform the characteristic
decomposition at half-indexed points of the grid, an approximate
Jacobian is calculated based on values of � ow variables averaged
over the neighboring cell centers in the appropriatedirection. Then
� uxes in the right-handside (RHS) of Eq. (3) are projectedinto local
characteristic � elds by means of the preceding Jacobian.

In each characteristic� eld a template is chosenaccordingto local
characteristics and smoothness of the � uxes, which might change
with iterations. An ENO interpolation template (which typically
consists here of three points) is determined, primarily according to
the sign of the corresponding eigenvalue and then according to the
smoothnessof theprojectedcharacteristic� uxes.3;7 The interpolated
characteristic � uxes are projected back to get the Cartesian ones.

In the present method the three-point ENO procedure is applied
only for the defect correction calculation a very limited number of
times (roughly equal to a number of multigrid cycles), and most
of the computational work is performed using a one-point upwind-
biased relaxation. This formally corresponds to the case of a one-
point ENO template, and the interpolation proceeds as previously
with the only point of a template chosen in each � eld according
to sign of the relevant eigenvalue. In both cases if an eigenvalue
changessign between the cell centers, the corresponding� ux is split
into two partial � uxes as suggested in Ref. 7 (so-called entropy � x),
and the interpolationis applied separately to each of the two � uxes.

D. Approximation of Viscous Terms
Natural � nite differencesare used to approximate the � rst deriva-

tives along the local grid coordinates.The Cartesian derivativesare
obtained by combining the preceding derivatives in a way that en-
sures exactness for a linearly changing � ow� eld.

E. Time Marching
A three-stage Runge–Kutta scheme is applied in a TVD-

preserving form7 with theoretical Courant–Friedrichs–Lewy
(CFL) D 1. To accelerate the convergence to steady state, explicit
residual smoothing is applied. It allows CFL numbers of about
1.5 (instead of 0.75, which is used in practice without the resid-
ual smoothing) for subsonic and transonic � ows.
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F. Sensitive Faces, Cells, and Use of a Linearly Stable Template
For subsonic and transonic � ows a linearly stable template is

applied in practice everywhere, except on “sensitive” faces where
the variable ENO template is used. The cell face is called sonic if
one of the sonic eigenvalueschanges sign across the face. The face
is called sensitiveif it belongs to the one-dimensionalneighborhood
of a sonic cell face, a neighborhood being taken as the number of
points in the ENO template minus one.

G. Multigrid Defect Correction Approach
For a given problem

Lu D F (4)
The defect correction approach is de� ned by an iterative process:

L1u.n C 1/ D F ¡
£
L2u.n/ ¡ L1u.n/

¤
(5)

Here, u and F are the solution and the given forcing � elds, respec-
tively;n is the iterationnumber; L is a (possiblynonlinear)operator;
L2 is typically a higher-order operator approximation (three-point
ENO in our application) to L ; and L1 is an approximation to L that
can be inverted ef� ciently by multigrid techniques. Thus, a defect,
representing the difference between the values of operators L1 and
L2 applied to the current solution � eld, is added as a forcing term to
the RHS of the equations, and the actual relaxation process is per-
formed using a stable and easy-to-invert operator L1. In this work
operators L1 and L2 only approximate the convection part of the
equations differently, and the viscous terms approximated as just
described are added to the left-hand side of Eq. (5). L1 is chosen
as a low-order upwind-biased operator, with characteristic � uxes
interpolatedby only a one-point stencil determined (in each charac-
teristic � eld) according to the sign of the correspondingeigenvalue.
L2 is the ENO operator just described. The defect correction is ap-
plied only on the � nest multigrid level; on other levels the relaxation
process is simply driven by the low-order operator L1 .

In general, the convergenceof the defect–correctioniterationsde-
pends on the type of an approximation operator L2 and also on the
compatibility of L1 and L2. A simple convergence analysis for the
defect–correction process, performed in a previous work,3 showed
that central difference discretizations can converge slowly because
of weakdampingof oscillatoryerrors.On the otherhand, three-point
ENO discretization necessarily produces asymmetric templates
(e.g., outside sensitive regions, where sonic eigenvalues change
sign, the � ux is interpolated from one downstream and two up-
stream points).A model one-dimensionalanalysis in Ref. 3 showed
that in these regions the residual convergence factor is equal to 2

3 ,
which can be further improved by overcorrection (that is, by mul-
tiplying the defect correction by a factor slightly greater than one).
The same analysisshowed that in sensitive regions a damping of the
defect–correction iterations yields the residual convergence factor
of 7

9 in the worst-caseanalysis.It was found that satisfactoryconver-
gence behaviorwas obtained for three-dimensional� ows computed
by the multiblock code, similar to its single-blockpredecessor.The
convergenceissuesare furtherdiscussedand illustratedin Sec. IV.B.

III. Multiblock Approach
In a multiblockapproachtheglobaldomainis dividedinto smaller

subdomains (blocks) for which computational meshes are easier to
generate.It is presumedthat an iterationprocessis appliedseparately
to each block, with data exchangeamong the blocks responsiblefor
the validityof boundaryconditionson the block interfacesand their
immediate vicinity. A number of numerical problems arise asso-
ciated with the correct implementation of the preceding boundary
conditions,conservativityof numerical� uxes in thevicinityof block
interfaces,and multigrid interpolation.It is also vital to diminish the
overheadas a result of the data exchangeamong neighboringblocks
in order to achieve computationalef� ciency on serial computers on
one hand and to make the code suitable for parallelization on the
other.

A. Basic Features
The present multiblock method possesses the following basic

features:
1) Similar to the single-block method of Refs. 1–3, the multi-

block algorithm is based on an ENO numerical scheme, which is

incorporated into multigrid defect–correction framework. The sta-
bility of the method is maintained by a nonlinear approxi-
mation scheme without introduction of any arti� cial numerical
parameters.

2) The methodemploysno connectivitylists or similar data struc-
tures that can slow down the data transfer.This simpli� es data orga-
nizationand data management and thus reduces the communication
overhead.

3) An appropriate multiblock data interchange ensures that the
convection � uxes are approximated in the way identical to that of
the single-block method. Slight changes are introduced to the ap-
proximation of viscous � uxes and to the multigrid interpolation in
order to comply with the earlier requirement of a simple data man-
agement. The computational impact of these changes is negligible.

B. Multiblock/Multigrid Structure
The global domain comprising a given geometry is divided into

smaller subdomains called blocks subject to the following require-
ments:

1) For each block i; j; k mesh structures are generated by means
of standard grid generators (e.g., GRIDGEN).12

2) In the present versionof the algorithm,there is a point-to-point
matching of grid lines across the blocks interface. This restriction
can be in principle lifted in order to allow more � exibility in the
process of grid generation.

3) A block face might abut several neighboring blocks, each of
which might also adjoin a number of different block faces (Fig. 1);
this feature is further referred to as the “multiface” property.

The set of blocks thus constructed forms the � nest multigrid
level. Coarser multigrid levels are recursively built by comprising
the blocks that are formed by merging neighboring computational
volumes of the previous � ner level. The numerical algorithm is em-
bedded in the framework of the multigrid method, that is, the com-
putational grids are arranged in hierarchical levels, starting from
a coarse level, and then re� ning it so that each block contains the
next-level re� nement geometrically.

The FAS8 drives the numericalalgorithm,and the multigrid cycle
is embedded in the so-called full multigrid,which supplies an initial
approximation to the � ne-grid solution by � rst solving the problem
on a coarser grid and interpolating the solution to the � ne grid.
In the � ne-to-coarse direction of a multigrid cycle, the weighted
� ne residuals are transferred, and the new RHS for the equations
on the coarser level are computed. On the � nest level the defect–
correction technique is implied what is equivalent to the addition
of a supplementary multigrid level on the top of the � nest one. On
this additional level a zero number of iterations and a higher-order
ENO scheme are speci� ed so that the multigrid residuals computed
on this level represent the values of the high-order ENO operator
applied to the current solution � eld.

C. Treatment of Block Interfaces: Data Structures
In the single-block code the concept of boundary arrays consist-

ing of ghost cells was used in order to treat all kinds of bound-
ary conditions (surface boundary conditions, far-� eld and symme-
try boundary conditions). Note that the boundary arrays might be
regarded as an extension, in each of six directions, of an actual

Fig. 1 Multiface block interface.



EPSTEIN, RUBIN, AND SÉROR 585

Fig. 2 Treatment of block interfaces: extension blocks.

grid that consists of the internal cells. The extensionsdo not include
“cornercells” (that is, cells whose three-dimensionalindex includes
more than one external one-dimensional subindex).

The same idea was used in order to implement data exchange
between neighboring blocks through a block connectivity bound-
ary condition, further referred to as the “merge” boundary condi-
tion. On each face corresponding to this condition, an “extension
block” is built. The number of cells in such a block in the di-
rection of extension is equal to the order of the currently applied
ENO scheme. (This means that for all of the multigrid levels but
the � nest one the extension blocks have a width of one, as is also
the case for boundary conditions other than the merge condition.)
Each extension block is regularly � lled by overlapping information
from the neighboring block (or blocks in the multiface case; see
Fig. 2).

Becauseof changeabilityof stencils,it ispreferable(especiallyfor
a higher-orderENO) to transferthevaluesof basicvariables(density,
velocity,and energy), rather than the valuesof numerical � uxes.The
preceding strategy of data transfer also enables the conservativity
of the numerical scheme.

D. Spatial Approximation on Block Interfaces
As mentioned in Sec. III.B, block extensions represent “thin”

blocks with a number of cells in the direction of extension equal to
the current ENO order. In the remaining two directions a number
of cells is equal to the number of internal cells in the corresponding
directions of the basic blocks.

Everywhere, including the blocks interface, the convection terms
of the Navier–Stokes equationsare approximatedas if the grid were
a single block. Approximation of viscous � uxes and multigrid in-
terpolations of the basic variables are performed in a way leading
to only insigni� cant changes in the approximated values compared
to the single-block case. As a result, for Euler computations the
multiblock one-level results are identical to those of the original
single-block code (where the comparison makes sense, for exam-
ple, when dividing a single block into smaller subblocks). In the
general case of multigrid viscous and inviscid computations, com-
parison between multiblock and single-block results shows that the
impact of the changes is negligible.

A slight change in the approximationformulas was introducedin
order to ensure the conservationproperties of the overall numerical
scheme without need for a complicated treatment of topologically
complex block interfaces and thus to comply with the requirement
of simple data management.

Convection � uxes are approximated one-dimensionally, so that
the regular data re� lling of the extension blocks ensures the full
transparency of the � ux interpolation. On the other hand, viscous
� uxes require two-dimensional interpolation stencils. Thus, in or-
der to retain the � ux approximation formulas of the single-block
scheme near a block interface it is necessary to use the velocity
values at the corner cells of the block. Extension blocks de� ned in
the preceding section do not contain corner cells as the extension is
performed one-dimensionally across the face. Moreover, a correct
determination of corner cells is not straightforward as they might
come from a block that does not possess a face common with the
block under consideration (and consequently is not normally iden-
ti� ed as its neighbor). The situation is especially undetermined in

Fig. 3 Block junctions at the trailing edge.

Fig. 4 Boundary faces identi� cation and wake propagation.

the neighborhood of irregularities such as trailing edges of lifting
surfaces, etc. (Fig. 3).

From the viewpoint of data organization, employment of corner
cells requires the constructionof connectivity lists. Even less desir-
able is the fact that it also involves the information exchange with
distant blocks (i.e., blocks other than the immediate neighbors of
the block).

The solution adopted was to use a lower-order approximation
of the relevant viscous derivatives near the block corners, while
keeping the viscous � uxes conservative.

The same line of reasoning can be applied to the � ne-to-coarse
multigrid interpolationof basic variables. Similarly, no corner cells
are used, which slightly affects the overall accuracy of the interpo-
lations.

In both cases only insigni� cant loss of accuracy has been ob-
served, almost invisible in terms of pressure distribution. In a sen-
sitive case of transonic � ow-boundary-layer interaction, the multi-
block computation retains several signi� cant � gures in lift and drag
coef� cients, for the same amount of multigrid iterations.

E. Treatment of Viscosity on Block Interfaces
To maintain the conservativity of viscous � uxes on block inter-

faces, the following algorithm is used. Turbulent viscosity coef� -
cients are primarily determined at the cell centers in each block,
and then the adjacent blocks exchange boundary viscosity values
together with values of basic variables. This allows the interpola-
tion of viscosityvalues on the common faces of neighboringblocks
in the identicalway and the ensuringof the conservativityof viscous
� uxes.

F. User Interface
Manual speci� cation of boundary conditions on the block faces

can become a tedious task as the number of blocks increases.Hence
the code includesa capability for automatic attributionof boundary
conditions to the faces of blocks. All boundary conditions are fully
determined by a single quick preprocessor run for a given con� g-
uration. This also includes the automatic identi� cation of “wake”
faces, which is essential, for example, for the standard Baldwin–
Lomax13 turbulence modeling on wakes. The preprocessor to the
code automatically identi� es the sharp edges that can produce a
wake, labels the block faces that are geometrically induced by the
precedingedges,and then recursivelypropagatesthe wakeboundary
condition to the neighboringblocks (Fig. 4). The approachremoves
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all topology dependent operations from the � ow solver and thus
enhances the versatility of the code.

IV. Computational Results
The � rst objective of the current study was to verify that the

changes introduced to the numerical scheme, in order to adjust
it to the multiblock structure, cause no signi� cant loss of accu-
racy (Sec. IV.A). Robustness, accuracy, and convergence of the
multiblock method are further discussed in Sec. IV.B, and grid-
independence issues are addressed in Sec. IV.C.

The major objective of the computational tests was to check the
ability of the modi� ed method to allow large-scale calculations for
realistic aerodynamic con� gurations while retaining its robustness
and high accuracy (Secs. IV.D and IV.E).

In the computationsthe effectsof turbulenceare modeled through
an eddy–viscosity hypothesis with the Baldwin–Lomax turbulence
model, which, accordingto prior experience,might produce reason-
ably accurate representationof the � ow in the conditionswhere the
separationseffectsarenotof primaryimportance.The results,which
include surface pressure, lift/drag, and drag rise vs Mach data, were
compared with a wind-tunnel experiment and available results by
other authors.

The code uses no parameters associated with arti� cial viscosity
treatment, explicitly or implicitly, and so, at a given computational
grid, the only computational parameter subject to variation, is the
CFL number. In all of the runs, the value of the CFL number was
kept equal to 1:5. Thus all of the runs presented next are “� rst-shot”
runs.

A. Consistency Check: Single-Block vs Multiblock Results
In this section the performance of the new multiblock solver is

compared vs the single-block solver, by applying it to a cranked,
swept wing with twisted and cusped pro� les. The geometry of the
wing and comparisons of the single-block numerical results with
experiment are given in Refs. 2 and 3.

A C-O grid,which previouslyconsistedof one block,was divided
into smaller subgrids treated as the blocks of a multiblockstructure.
Different partitions included from four to six blocks. In the case
of one-level transonic Euler computations, both methods produced
identical results (as indicated in the preceding section), whereas
multilevel multiblock Euler computations slightly differ from the
corresponding single-block results. The negligible discrepancy is
easily explainedby the changes in multigrid interpolationon block
interfaces, and it asymptotically vanishes.

The next step was to rerun the case on a multiblock set of grids
in viscous transonicconditions M1 D 0:80, Re D 13:1 £ 106 , at the
angle of attack, which yielded the wing lift value of about 0.35. On
the whole, the multiblock computationscause no signi� cant loss of
accuracy. It was also found that the most sensitivepartitionscontain
block interfacesat the leading- and trailing-edgesregions(indicated
in Fig. 5), where the decompositionincludessix blocks,whereasup-
per and lower surface partitions carried out outside the preceding
regions have little effect on pressure and velocity of density distri-
butions. The worst found discrepancy is presented in Figs. 6a and
6b, where computed surface pressure coef� cients are presented at
the span stations 2y=b D 0:30 and 0.67, respectively.

Fig. 5 Cranked, swept wing: the domain decomposition.

a)

b)

Fig. 6 Cranked, swept wing. Chordwise pressure distribution at
a) 2y/b = 0.30 and b) 2y/b = 0.67.

The property of transparency of block interfaces with respect to
the solution is further con� rmed by investigating the behavior of
residuals in the vicinity of interblock boundaries. The maximum
(over a block) residual values are always located in the regions of
complicated � ow irrespective of block boundaries location, and the
overallbehaviorof themultiblockrun residualsis verysimilar to that
of the single-blockrun. This is a general property observed in all of
the runs performed by the multiblock code. It is mainly explained
by the transparency of the characteristic interpolation applied to
convective � uxes (see Sec. III.D).

B. Robustness, Accuracy, and Convergence of the Method
ENO numerical schemes maintain stability by varying the com-

putational template. As a consequence, at a given grid resolution
maximum residuals do not diminish to machine zero. Similarly to
the single-block code,2 the convergence is estimated by the reduc-
tionof residualsby severalordersofmagnitudeand by the steadiness
of the solution in terms of relevant � ow characteristics.

As alreadystated in Ref. 2, the level of variationsin the maximum
residuals norm re� ects the ability of the grid to resolve the � ow
properly. In all of the computationalruns presented in the paper, the
L1 norm of the residual corresponding to the continuity equation
was reduced by 3–4 orders of magnitude (apparently below the
level of truncation errors). Similar to the convergence behavior of
the single-block code, this allowed roughly 3–4 signi� cant � gures
in major aerodynamic coef� cients such as lift and drag.

The preceding is illustrated in Table 1, which summarizes the
convergence history for the case of a transonic wing of the pre-
ceding section. The multiblock con� guration consisted here of
six blocks, and � ight conditions were close to those of cruise:
M1 D 0:80; Re D 13:1 £ 106; CL D 0:53. It can be assessed from
Table 1 that lift and drag coef� cients stayed constant after roughly
30 multigrid cycles, whereas residuals continued to diminish in the
course of another 30 multigrid cycles. Note that the convergence is



EPSTEIN, RUBIN, AND SÉROR 587

Table 1 Convergence history of aerodynamic coef� cients
and of the density residual; transport-type cranked wing

Multigrid cycles CL CD Residual

0 —— —— 1.2E¡5
15 0.5312 0.02834 1.1E¡7
30 0.5343 0.02845 2.1E¡8
60 0.5344 0.02843 2.1E¡9

Table 2 ONERA M-6 wing, M1 = 0.60: comparison between
computed and theoretical pressure drag; inviscid computation

on grids with high aspect ratio of cells

Angle of attack, CD CD CD
deg (theory) (multiblock) (single-block)

0 0.00000 0.00004 0.00004
1 0.00045 0.00050 0.00049
2 0.00203 0.00208 0.00207

very close to that given in Ref. 3 for the same test case treated by
the single-blockmethod.

The next example is obtained by solving the Euler equations on
grids with a high aspect ratio of cells typical for grids constructed
for Navier–Stokes computations. The accuracy of such computa-
tions re� ects the ability of the grid to resolve accurately the con-
vection terms of the Navier–Stokes equations and the robustnessof
the method. The results for the symmetrical ONERA M-6 wing at
M1 D 0:60; ® D 0; 1; 2 deg are compared in Table 2 to the theoret-
ical induced drag and to the preceding computations by the single-
block method.3 The � nest (at level 4) computational grid (slightly
enlarged in comparison with that of Ref. 3) contained 192 £ 64 £
32 cells.

Similar to Sec. IV.A, the results of multigrid Euler computations
by the two methods are almost identical, and both of them are very
close to the theoreticalvalues (with discrepancynot greater than 0.5
counts).

C. Grid-Independence Studies
To test grid-independencepropertiesof the method, the following

realistic case was studied. The � ow around the body of a transport-
type aircraft was computed by using two markedly different multi-
level meshes. The � rst mesh was constructed for the isolated body.
This allowed the construction of a smooth O-grid with low skew-
ness (e.g.,with grid lines normal to the surface in the corresponding
direction).The � nest (third) level containednine blocks with a total
of 1:34 £ 106 cells (Fig. 7a). The second mesh of C-O type was
derived from a previously constructed C-O grid for the preceding
body in the presence of a wing. The body-alone mesh was derived
by eliminating the wing and re� lling the vacant space by additional
computational blocks. In the wing-body grid it was necessary to
comply with the requirement of noncrossing two-dimensional grid
columns originating from the surface in the Baldwin–Lomax mod-
eling.That resultedin highlyskewedgrid in the neighborhoodof the
wing-body junction, a property that was inherited by the � nal mesh
(Fig. 7b, where the grid lines form a sort of “open book”). The � nest
(third) level consisted of 22 blocks with a total of 3:22 £ 106 cells.
The mesh is typical for caseswhen the body-winginterferenceis nu-
mericallystudied in comparisonwith the � ow over an isolatedwing.

The computationswereperformedon two and threemultigridlev-
els forbothmeshes.The liftanddragvaluesat M1 D 0:60; ® D 0 deg
are given in Table 3, and surface-pressuredistributions on the cen-
ter line of the body, taken from the � ne level, are shown in Fig. 8a
(O-grid) and Fig. 8b (C-O grid). It can be assessed from Table 3 that,
on a much smoother O-grid, the two- and three-levelsolutionsyield
very close lift and drag values, whereas the two-level drag value
on the C-O grid is of about 7–8 counts greater. Nevertheless, the
� nest (three-level) computation on the C-O grid yields the aerody-
namic coef� cients very close to those asymptotically achieved on
O-grid, and the two pressure distributions on the � nest multigrid
levels are also close. The ability of the method to produce close

Table 3 Grid-independence study (lift and drag coef� cients
of a transport-type body computed on grids of different types

and resolution; M1 = 0.60, ® = 0 deg)

Type of mesh/number of
multigrid levels CL CD

O-grid/2 levels ¡0.00270 0.00638
O-grid/3 levels ¡0.00263 0.00650
C-O grid/2 levels ¡0.00360 0.00714
C-O grid/3 levels ¡0.00290 0.00640

a) O-grid

b) C-O grid

Fig. 7 Generic fuselage con� guration.

results in terms of sensitive aerodynamic characteristics, on
markedly different meshes, indicates the grid-independence prop-
erty of the method.

D. Test-Case ARA M100
1. Choice of a Benchmark

The test case selectedis that of � ow over ARA M100 wing at sub-
sonic and transonicconditions.The wing has transonic/transportde-
sign. The test case was chosen becauseof the requirementfor exten-
sive and reliable experimental data on one hand and because of the
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a) O-grid

b) C-O grid

Fig. 8 Pressure distribution on the centerline of a generic fuselage
con� guration.

availabilityof availablecomputationsby other authors on the other.
The present case has been the subject of detailed studies in the past
(e.g., see Ref. 14anddataonlineat http://hpccp-www.larc.nasa.gov)
with both surface-pressuremeasurementsand integral aerodynamic
coef� cients availablefrom the experimentfor a wide rangeof angles
of attack.

2. Geometry and Experiment
The con� guration matched the geometry of a wind-tunnel model

tested in United Kingdom’s Aircraft Research Association wind
tunnel.15 The wing is mounted approximatelycentrallyon the fuse-
lage axis and has a 5-deg dihedral. Detailed surface-pressure data
and aerodynamic forces were measured for different Mach angle-
of-attack conditions.The computationalgeometry used in grid gen-
eration was created by enriching the original airfoils of Ref. 15.
A small cap was added to the wing tip (details of which were not
available from Ref. 15).

3. Grid Generation
The computationalgridusedherewas generatedusingGRIDGEN

V8 (Ref. 12). To allow a fair comparison, an effort was made to
generate a grid close to that constructed in Ref. 14 and online at
http://hpccp-www.larc.nasa.gov.The grid topology is of C-O type,
and it is stretched16 mean chordsupstreamand 24 meanchordsnor-
mal to the surface and the wing tip. The multigrid set contains three
levels. The � ne multiblock grid consists of 325 points around the
con� guration, 57 points normal to the surface, and 49 points in the
spanwise direction. The computational grid comprises 24 blocks,

Fig. 9 ARA M100 con� guration: grid topology.

Fig. 10 ARA M100 con� guration: detailed view of the computational
grid.

each of them of i; j; k structure. The total number of cells is about
900,000.Two coarser multigrid levels were derived as medium and
coarse by deleting every other coordinate line in each of the three
directions. The � rst 15 points in the normal to surface direction
were clustered to lie within the boundary layer in the way ensuring
normal spacing of about 10¡7 body length at the surface. As sug-
gested in Ref. 14 and online at http://hpccp-www.larc.nasa.gov,an
aeroelastic effect that caused a tip-down twist was included into the
geometry and computationalgrids, but the wing-tip de� ection men-
tioned in Ref. 14 was not applied. The � ne-level grid dimensions
are very close to those of the grid designatedin Ref. 14 and onlineat
http://hpccp-www.larc.nasa.govas a medium grid. Grid topology is
presented in Fig. 9, and a close view of the grid is shown in Fig. 10.

4. Computational Runs
A total of 28 computationalruns was performed,aimed at achiev-

ing the following comparisons: 1) surface-pressure coef� cients at
the � xed freestreamMach number of M1 D 0:80 at different angles
of attack; 2) lift vs angle-of-attack curve and drag polar CL vs CD

at the same Mach number; and 3) the drag rise curve CD vs Mach
at a lift coef� cient of about 0:40.

The solutions presented here possess the normal spacings at the
wing surface, keeping yC of about 1.5–2.5 on the � nest meshes
employedin order to allowreliablerepresentationof viscouseffects.
In all of thecomputations,Re D 13:1 £ 106 , and the � ow was treated
as fully turbulent.
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2y/b = 0.019

2y/b = 0.325

2y/b = 0.633

2y/b = 0.935

Fig. 11 ARA M100 con� guration at M = 0.80 and ® = ¡¡3.017 deg. Chordwise pressure distribution at different span stations.

Most computational runs were performed in the framework of
both two- and three-levelmultigrid in order to study an asymptotic
behavior of the solution.

5. Surface-Pressure Comparisons
Wing surface-pressurecomparisonswere performed at the angle

of attack,variedbetween¡3:017and2:873degand at the freestream
Mach number M1 D 0:80, Re D 13:1 £ 106, conditions that vary

from low subsonic to transonic.The most challenging aspect of the
computationswas the shock-boundary-layer interactionat transonic
� ight conditions.

The wing surface-pressurecomparisonsare shown in Figs. 11–14
at the angles of attack ® D ¡3:017, ¡1:46, 0.148, and 2.873 deg,
respectively.Each � gure shows the pressuredistributionat four span
stations of the experiment. The surface-pressure coef� cients are
predicted reasonably well throughout the whole range of angles
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2y/b = 0.019

2y/b = 0.325

2y/b = 0.633

2y/b = 0.935

Fig. 12 ARA M100 con� guration at M = 0.80 and ® = ¡¡1.46 deg. Chordwise pressure distribution at different span stations.

of attack. In general, the pressure distributions are close to those
presented in Ref. 14 and online at http://hpccp-www.larc.nasa.gov.
The computation seems to predict both the shock on the lower
surface at ® D ¡3:017 deg and at the higher positive angles of
attack. Somewhat surprisingly, the computation at ® D 2:873 deg
predicts the shock location apparently better than the compu-
tation in Ref. 15, performed with the same turbulence model.
This might be possibly attributed to a low-dissipation numerical
scheme of the current method, which allows a reasonable pre-
diction of shock-waves/boundary-layer interaction in the absence

of strong separation by means of an algebraic turbulence mod-
eling. Additionally a coarser, two-level multigrid computation
was also carried out. In this case the � nest grid (which is the
medium grid of the three-level computations) contains slightly
more than 115,000 computational cells. The effect of re� ne-
ment is most signi� cant at the highest computed angle of at-
tack ® D 2:873 deg (Fig. 15), where the two pressure distribu-
tions are compared at the section 2y=b D 0:33. Still the discrep-
ancy is mostly con� ned to the shock region, where the � ner com-
putation exhibits a sharper shock pattern. On the whole, the two
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2y/b = 0.019

2y/b = 0.325

2y/b = 0.633

2y/b = 0.935

Fig. 13 ARA M100 con� guration at M = 0.80 and ® = 0.148 deg. Chordwise pressure distribution at different span stations.

computations produce rather close results, which indicates a good
grid convergence in terms of pressure distributions. The grid con-
vergence in terms of lift and drag will be discussed in the next
sections.

6. Aerodynamic Coef� cients
Figure 16 shows the lift coef� cient curve as function of angle of

attack at M1 D 0:80. The medium- and � ne-grid results by the cur-
rent method are compared to experimentand to the resultsof Ref. 14
and data online at http://hpccp-www.larc.nasa.gov.The agreement

with the lift curve slope is good, but the computationoverpredictsa
lift. Note that the � ne-grid computation is nearer to the experiment
than the medium-grid curve. Results of Ref. 14 and the data on-
line at http://hpccp-www.larc.nasa.gov(at approximately the same
grid resolution) are closer to the experimental curve than the cur-
rent results, but a computation on a doubly � ne grid yielded a
much higher lift, which is attributed in the data online at http://
hpccp-www.larc.nasa.gov to the oversensitivity of a speci� c tur-
bulence modeling of the computation and to a need in additional
aeroelastic corrections.
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2y/b = 0.019

2y/b = 0.325

2y/b = 0.633

2y/b = 0.935

Fig. 14 ARA M100 con� guration at M = 0.80 and ® = 2.873 deg. Chordwise pressure distribution at different span stations.

A three-levelcomputationdrag polarCL vs CD (Fig. 17 ) matches
the experimental curve rather closely up to the highest computed
angle of attack. The zero lift drag predicted by the computation is
only slightly (about 7–8 counts or 0.0007–0.0008) lower than the
experimentalone. The drag values are clearlymuch nearer to the ex-
periment than those reported in Ref. 14 for the same grid resolution.
On a doubly � ne grid of the data at http://hpccp-www.larc.nasa.gov,
a much better matching is reported than in Ref. 14, especiallywhen
Menter’s turbulence model is employed with the best zero lift drag
estimate of about 12 counts higher than the experimentalvalue.The
zero lift drag values predicted on the medium (about 115,000 cells)

and � ne (about900,000cells)gridsof the presentcomputationdiffer
signi� cantly less than the estimates achieved in Ref. 14 and online
at http://hpccp-www.larc.nasa.govon the grids that comprise about
900,000 and close to 200,0000 points, respectively.

7. Drag Rise vs Mach at a Given Lift Coef� cient
The drag rise curve CD vs Mach number at a lift coef� cient

of about 0:40 (Fig. 18) illustrates the increase in drag caused by
increasing shock strength with increasingMach number. The three-
level computation, which slightly underpredicts the experimental
drag values, is also compared with the corresponding curve in
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Fig. 15 ARA M100 con� guration. Effect of re� nement: comparison of
pressure coef� cients computed by two and three multigrid levels.

Fig. 16 ARA M100 con� guration. Lift coef� cient curve at M = 0.80.

Fig. 17 ARA M100 con� guration. Drag polar at M = 0.80.

Ref. 14 and online at http://hpccp-www.larc.nasa.gov (which em-
ploys a grid of similar resolution) and with the present two-level
computation. The coarser grid computation is also rather close to
the experimental curve, and the discrepancy between the two com-
putationalcurves by the current method is relatively low, once more
indicating a good grid convergence. To the best of our knowledge,
no results by the method of Ref. 14 and the preceding Website on
the grids of a � ner resolution are available.

E. Drag Rise for a Transport-Type Fuselage
This case was designed to investigate the ability of the code to

predict the transonic drag rise characteristicsof a realistic fuselage,
and the computational results served as a baseline computation for
a further aerodynamic design. The body is typical of a transport-
type aircraft. Reliable experimental data are available for the case

Fig. 18 ARA M100 con� guration. Drag rise vs Mach number at
CL = 0.40.

Fig. 19 Transport-type fuselage. Drag rise vs Mach number at
® = 0 deg.

including the experimental drag values correction caused by the
wind-tunnel installation conditions.

Figure 19 shows a plot of drag coef� cient vs Mach number at an
angle of attack of 0 deg. The computational data set is compared
to the raw experimental data of Ref. 16 and to a corrected experi-
mental curve where an estimated correctionof about six counts was
applied. The computational and experimental drag values compare
both qualitativelyand quantitively, thus indicating the ability of the
code to predict sensitive characteristics for complex aerodynamic
shapes.

V. Conclusions
A multigrid solver has been developed and applied to a three-

dimensionalmodel of turbulentcompressible� ow at high Reynolds
number.

The code extends the capabilities of its predecessors by the
introduction of the multiblock framework, incorporated into the
multigrid/defect correction method, and, consequently, by its ap-
plicability to large-scale Navier–Stokes computations.

The computational tests show the ability of the modi� ed method
to achieve accurate results on relatively coarse meshes, thus retain-
ing the low-dissipationproperty of the single-blockmethod. Sensi-
tive aerodynamiccharacteristics,such as transonic drag rise or zero
lift drag, were correctly predicted for reasonably complex aerody-
namic con� gurations. Comparison of computations performed on
grids with different space resolution indicates good grid conver-
gence and an asymptotic grid independenceof results.

The interblock data exchange treats convection terms of the
Navier–Stokes equation in a transparentway, thus ensuring the sta-
bility of the multiblock method. No arti� cial parameters have been
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introduced to the numerical scheme, and the changes caused by
a multiblock implementation resulted in only insigni� cant loss of
accuracy compared to the single-blockmethod.

The exchange of information between the blocks is constructed
in a modularway,which allows an almost “plug-in”implementation
of the code on parallel multiprocessors.

High accuracy and robustness of the method, lack of arti� cial
numerical parameters, and a simple user interface allow the code to
be used for practical large-scale aerodynamic analysis and design
in the engineering environment.
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